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Optimélni %ablony

Vazeny korelaéni koeficient
rw(x,y; w) = vazeny korela&ni koeficient mezi x,y s vahami w

Sablona: RadiaIn{ véhy:

o
W

Usta: Neldsta:

-
a1

Vihy
‘ Shodné  Radialni
rw(8ablona, dsta; w) 0,48 0,66
rw(3ablona, nelsta; w) 0,52 0,38
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Optimélni %ablony

Motivace

Sablona jako priam&r?

Cil: Modifikovat vahy, zachovat Sablonu.

Separace mezi konkrétnimi dsty a konkrétnimi nedsty:
rly(%ablona, tsta; w)

rf,(8ablona, nelsta; w)

Fisherova transformace rw(x,y; w) zdirazni extrémni hodnoty:

F 1 1 + fW(XJ;W)
yw) = ~log —————=
rw(x,y: w) 2 g 1—rw(x,y;w)
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Optimélni %ablony

Optimaliza&ni kritérium

P¥istup minimaxu (uvaZuje se separace mezi kaZzdymi Usty a nelsty, v kazdém
obraze).

Maximum p¥es vihy
Minimimum p¥es obrazy
Minimum p¥es nedsta
Maximum p¥es pozice Ust (drobné posunuti)

rly (%ablona, tsta; w)
rf,(8ablona, nelista; w)

Optimaliza&ni algoritmy (mohou v3ak skontit jen v lokdInim extrému):

@ Linearni aproximace

o Geneticka optimalizace (“hruby aproximativni algoritmus”)
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Optimélni %ablony

Linearni aproximace

Pro konkrétni lsta, nelsta a $ablonu oznatme pomoci f(wa, ..., w,) separaci
mezi Usty a nelsty. Zde n = 26 x 56 = 1456. Tayloriiv rozvoj 1. ¥adu:

f(w1—|—51,...,w,,—|—5,,)zf(wl,...,wn)+25;M

pro malé hodnoty 01, ..., dp.
Optimalizaéni dloha: linedrni problém

max o ——2 1
81,00 ER £ ow;
i—

za podminek

° 0< w46 <c(prourtitéc), i=1,...,n
° 27:1 6 =0

° podminka na symetrii vah

° event. i, inm(wg‘;i”w") =>7, 6,'78'(*("2\;,}”’%)

pro jiny nejhor3i p¥ipad se separaci f*(w, ..., w,)
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Optimélni %ablony

Optimalizace Sablony i vah

Potate¢ni $ablona: Optimalni 3ablona: Optimalni 3ablona:

S = =

Po&ateéni vahy: Podatedni vahy: Optimalini vahy:

Nejhorsi separace:
0,78 2,12 2,29

Optimalizace vyZaduje symetrii a regularizani podminky.
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Optimélni %ablony

Regularizace

@ Numericka linedrni algebra: Ax =b
o Modifikace tlohy vedouci k potlageni vlivu Sumu ve vektoru b na spoéitané
¥eSeni a k o3etfeni $patné podmin&nosti A (Duintjer Tebbens a kol., 2012)

@ Analyza obrazu
o Odstran&ni (vyhlazeni) Sumu z obrazu pomoci wavelet shrinkage (Donoho &
Johnstone, 1994)

@ Teorie aproximaci
e Apriorni pfedstava o hladkém chovani aproximované funkce, kontrola jeji
komplexnosti (Hastie et al., 2009)

@ Strojové uleni
o Dodate¢nd informace pro vyfeseni $patné podmin&nych problémi nebo
prevence preuleni

Jan Kalina Regularizace a robustnost pti klasifikagni analyze genetickych dat



Klasifika&ni analyza

Regularizace a robustnost pfi klasifikaéni analyze genetickych dat

@ Optimalni Sablony
o Klasifikaéni analyza
@ Regrese

@ Selekce proménnych

— &
-

Ronald A. Fisher (1890-1962)
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Klasifika&ni analyza

Geneticka studie v Centru biomedicinské informatiky

Cil studie: Které geny vedou k zdvaZnym onemocné&nim (resp. jeho t&zké
formg&)?

Data o pacientech (interni nebo ortopedické odd. Mé&stské nemocnice (V:éslav):
@ AIM = akutnf infarkt myokardu (n = 98). Kontrola po 6 mé&sicich.

@ CMP = cévni mozkovd p¥ihoda (n = 46).
@ Kontroly (n = 169).

Parovani pacienti. Kontrola star$i o 0 aZz 5 rokd. Shoda v rizkovych
(klinickych) faktorech: pohlavi, HN, kou¥eni. Vyhody parového designu.

MéFend data:
Osobnf tidaje. Klinické a biochemické veli¢iny. Exprese (=aktivita) viech geni
ve vzorku periferni krve.

Medicinsky vyznam studie.
Specifika &eské populace - v CR hlavni pFi¢ina timrtnosti.
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Klasifika&ni analyza

Kvadraticka diskrimina¢ni analyza (QDA)

K skupin mnohorozmérnych dat (navzadjem nezdvislé ndhodné vybéry).

Mnohorozm&rnd normalita (odli¥né vektory stfednich hodnot, odli¥né varianni
matice).

Nové pozorovéani Z je klasifikovdno do k-té skupiny (k =1,...,K), pokud k je
rovno

arg max pe(27) 7P/?|8k| 7% exp {—%(Z -X)'s. 1 (Zz - )_(k)H ,

,,,,,

kde
o X, = primg&r dat v k-té skupin& (k =1,...,K),
o S, = odhad varian&ni matice v k-té skuping.

@ px jsou apriorni pravdépodobnosti toho, Ze pozorujeme data z k-té skupiny.

Jan Kalina Regularizace a robustnost pti klasifikagni analyze genetickych dat



Klasifika&ni analyza

Linearni diskrimina&ni analyza (LDA)

Linedrni diskriminaéni analyza: spole¢na varianéni matice.
Nové pozorovani Z je klasifikovdno do k-té skupiny, kterd minimalizuje
Xk —2)"S7 (X4 — 2),

kde
o Xy = je primé&r k-té skupiny,
o S = odhad varianéni matice.
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Klasifika&ni analyza

Mahalanobisova vzdalenost
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Prokleti dimenzionality: vypocet LDA nelze provést pro n < p!

d(Z,X)=(Z2-X)"s(z - X)
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Klasifika&ni analyza

Smrstény odhad priiméru

Data pochazejici z p-rozmérného normalniho rozdéleni:
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Cil: vychyleny odhad EX = E(X1,...,X,)".

Tim se nefikd, Ze by byl pfesnéjsi odhad EX; pro pevné i.
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Klasifika&ni analyza

Smrstény odhad priiméru

Smrité&ny (shrinkage) odhad (Stein, 1956) smérem k nule nebo k libovolnému
pevnému bodu:

o Nepfipustnost priiméru pro mnohorozmérné normalni rozdéleni pro p > 2.

@ Vychyleny odhad s mensim kvadratickym rizikem neZ primér.
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Klasifika&ni analyza

Steindv smrstény odhad

Smrit&né odhady (men3i riziko za cenu vychyleni) (Stein, 1956; Bock, 1975):
@ Za predpokladu X ~ N(u,Z,), odhad p ve tvaru

p—2>
1-2-2)x
( [IX[[2

dominuje vyb&rovy priimér. Jde o odhad, ktery smrituje X smé&rem k nule.

Paradoxni chovani:
@ PY¥irovnani: p¥i hodu na ter¢ je lepsi mi¥it mimo st¥ed.
o Smrsténi k libovolnému bodu.

o Smrstény odhad je vyhodny i pro jediné pozorovani.
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Klasifika&ni analyza

Friedman (1989): Regularizovand diskrimina&ni analyza

Steindv paradox Ize uplatnit i na odhad varian&ni matice, tj. pro regularizaci.
Modifikace LDA.

Dvoji regularizace varianéni matice:

@ Smr§téni odhadu varianéni matice v kazdé skupin& S, ke sdruzené
kovariangni matici S, tj. smriténi QDA k LDA (parametr X € [0, 1]).

@ Smrit&ni odhadu varian&ni matice (v kazdé skupin&) k diagonalni matici
(parametr v € [0, 1]).

Odhad varian&ni matice v k-té skuping:

Si(A) = ASk + (1 — NS,

tr (Sk(A))

gk(/\,y) :’}/gk()‘)‘i’(l -7) p

Z,

kde
e k=1,...,.K
o 7 = jednotkova matice
@ tr = stopa matice.
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Klasifika&ni analyza

Prediction Analysis for Microarrays (PAM)

Klasicka LDA pro nové pozorovini Z = (Zi,.. ., ZP)T potitad
arg kirlnin « [(Z —X)'S™HZ — Xy) — 2log pk] ,
kde pi je apriorni pravdépodobnost, Ze pozorovani pochazi z k-té skupiny.
@ Indexy progeny j=1,...,p
o Indexy pro pacienty i =1,...,n.
@ Hodnoty genovych expresi Xj;.
@ Skupiny k=1,...,K.

Prediction Analysis for Microarrays (PAM; Tibshirani et al., 2002):

p -
— Xi)
arg 1 m|n E s; —2log pi|
=1

kde 5J-2 je odhad rozptylu pro j-ty gen, so je kladnd konstanta, Xk je
modifikovanad primérna exprese j-tého genu ve skupiné k.

Jan Kalina Regularizace a robustnost pti klasifikagni analyze genetickych dat



Klasifika&ni analyza

PAM: Motivace pro smrsté€né odhady priméri
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Klasifika&ni analyza

PAM: Motivace pro smrsté€né odhady priméri
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Jde o redukci dimenze?

Jan Kalina
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Klasifika&ni analyza

Prediction Analysis for Microarrays (PAM)

Smritény primér (centroid) Xj, exprese j-tého genu v k-té skuping:
X =X + Ac, pokud o — X; < —Ac,
=X, pokud —Xc<  Xu— X < Ac,

=X —Ac, pokud  Ac< Xy + X,

kde
° )_<jk je primé&rna exprese j-tého genu ve skupiné k,
o X; je prim&rna exprese j-tého genu (p¥es skupiny),
°
c=(si+ %) nik+%7
° sj2 je odhad rozptylu pro j-ty gen,
@ so je kladnd konstanta,
@ )\ > 0 je parametr smrsténi.

Vypolet: software R, knihovna pamr.
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Klasifika&ni analyza

Prediction Analysis for Microarrays (PAM)

Vyhody PAM:
o PouZivd smriténé priméry (namisto klasickych).

o Prediktivita. Parametr smrst&ni se voli tak, aby byla minimalni klasifika&ni
chyba pro nezdvisld data. (Desetindsobnd k¥iZzova validace).

o Odhady priimér( lze oznatit za robustni.

Nevyhody PAM:

@ Varianéni matice se odhaduje jako diagondlni.

@ Rozptyly jsou odhadnuty nerobustné.
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Klasifika&ni analyza

Vysledky ziskané metodou PAM

Hledani optimalni hodnoty parametru smrsténi:

=
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Klasifika&ni analyza

Vysledky ziskané metodou PAM

Youdeniv index v zavislosti na parametru smrsténi:

Parametr | Po&et | Youdeniv
smrsténi genl index
0.0 38590 0.292
0.5 14615 0.250
1.0 4100 0.250
15 884 0.333
2.0 140 0.375
2.233 45 0.458
2.509 20 0.500
2.567 15 0.458
2.650 10 0.417
3.0 2 0.208
4.0 0 0.000

Senzitivita = pravd&podobnost, Ze test bude pozitivni u nemocného pacienta.
Specificita = pravd&podobnost, Ze test bude negativni u zdravého pacienta.
Youdeniiv index = senzitivita 4 specificita —1 = charakteristika klasifika¢niho
pravidla.
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Klasifika&ni analyza

Vysledky ziskané metodou PAM

Studie akutniho infarktu myokardu:
@ SE = senzitivita = pravd&podobnost, Ze test bude pozitivni u nemocného
pacienta.
o SP = Specificita = pravd&podobnost, Ze test bude negativni u zdravého
pacienta.

@ Youdeniiv index = SE + SP —1.

Porovndvané skupiny SE SP  Youden | Podet prediktivnich Exprese
gent (PAM) (+/-)
AIM & kontroly 0.79 0.85 0.64 343 (151/192)
AIM6 & kontroly 1.00 0.87 0.87 45 (41/4)
AIM6 & AIM 1.00 1.00  1.00 17 (11/6)
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Klasifika&ni analyza

Smrstény odhad varianéni matice

S* invertovatelnd i pro n < p.

Daldi moZnost odhadu X s parametrem smriténi A € [0, 1]:
0 S =AS+(1-NT
0 S"=AS+(1-XN)sZ, s=>", Si/p

o S* — (55)7,1-:17 S; = R;\/SiSj,

. ifi=j
TR (=), i)

o S* — (sg)ijzl, S; = R;\/SiSj,

pe_ {1 ifi=j 1 2”: '
e , = rij
PR (=N, ifi#] (e—1)p Lo L
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Klasifika&ni analyza

Smrstény odhad varianéni matice - interpretace

S*=XS+(1-XNZ, Xe][0,1]
Minimalizace kvadratického rizika.
Bayesiiv odhad.
Korekce S na kone&né n.

Projekce v Hilbertové prostoru symetrickych matic p x p.

Korekce na odhad vlastnich &isel: smrsténa vlastni &isla.

/ .
T

ul 3

P¥evzato: Ledoit & Wolf (2004).
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Klasifika&ni analyza

Smrstény odhad varianéni matice - interpretace
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Klasifika&ni analyza

Smrstény odhad varianéni matice

Parametr smrsténi A:
@ Jde o parametr regularizace.

@ Asymptoticky optimalni hodnota (Ledoit & Wolf (2004), Schafer &
Strimmer (2005))
o V situaci
. A Si iz
S —AS+(1-NT, T,— S
0, ifi#j
ma optimalni A hodnotu
A= 2 Zf:z Zjl;ll @(SU) _ 2 Zf:z 21;11 \Ta\r(S,-j)
7:1 Zf:1(5fj = Ty)? 2 27:2 Z,I;ll(su)z

e Pomaly vypocet.

o VyuZiti p¥i klasifikagni analyze.
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Klasifika&ni analyza

LDA*, QDA*

Smrsté&nd linedrni diskrimina&ni analyzu LDA*.
Pro nové pozorovani Z uvaZujeme diskrimina&nich skéry

* v *\ — 1g *\—1wg
I =X/ (S%) IZ—EXZ(S) Xe+logpe, k=1,....K.

Nové pozorovani Z je zatazeno do k-té skupiny, pokud [ > I/ pro vechna

J# k.

Smrité&nd kvadratickd diskrimina&ni analyza QDA™ je zaloZena na skdrech

v 9Tren-15 loT,en-1g 17,15 1 .
g = X[ (Sp) 'z - 5x[(sk) X, — 5zT(sk) 'Z+ 5 log|Si| + log px,
kde Sy je smritény odhad varian&ni matice k-té skupiny.
Nové pozorovani Z je zatazeno do k-té skupiny, pokud g > gi pro viechna

J# k.

VZe jsou specidlni p¥ipady metody SCRDA (Guo, 2007).
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Klasifika&ni analyza

Rychly algoritmus #1 pro LDA*: Obecna situace

K skupin p-rozmérnych dat

Q Vypotite] S* = AS + (1 — N\)T.
@ Spektralni rozklad
S* _ Q*D*Q*T
© Vypoditej
S*—l _ Q*D*_IQ*T.
Q Kilasifikuj Z do skupiny k, pokud

(X —2Z)"S* (X — Z) = arg_min {()‘(, ~7)'s" (X - Z)} .
j=1,...,.K

© Opakuj pro rizné hodnoty A, najdi optimalni klasifika&ni pravidlo.
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Klasifika&ni analyza

Rychly algoritmus #2 pro LDA*: Specialni cilové matice

K skupin p-rozmé&rnych dat

© Spektrélni rozklad S = QDQ’, D = diag{61,...,6,}.
@ Pro pevné X € [0,1]
]
D* = diag{\1 + (1 — A),..., A0p + (1 — A\)}.
To odpovidd modelu S* = AS + (1 — X\)Z, X € [0,1].
]

P
D* =diag{A\01 + (1= N)s,..., M+ (1= N)s}, s=>_ Si/p,
i=1

To odpovidd modelu S* = XS + (1 — X\)sZ, X € [0,1].

o
s*—l _ QD*leT

@ Klasifikuj Z do skupiny k, pokud
(X —2)7S" Y(Xy — Z) = arg _min {()‘(,- —2)"s X — 2)} .
Jj=1,...,K

@ Najdi optimalni A, které dd minimalni klasifika¢ni chybu.
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Klasifika&ni analyza

Guo et al. (2005): LDA**

Klasifikuj Z do skupiny k, pokud

(X, —2Z)"S" (X} — Z) = arg_min {()‘(,’- —27)Ts X! - 2)} .
j=1,...,K

o Smriténé odhady priméra. V k-té skuping:
)_(k = sgn()_(k) (|)_(k| — A)+
@ Smrdtény odhad varianéni matice:
o Posileni hlavni diagonaly:
S*=AS+(1—-\NZ, Xe€]o,1],

kde S je empirickd varian&ni matice.
o Ekvivalentné:

Parametry smrst&ni A, \. K¥iZova validace. Lepdi klasifikaéni vysledky nez PAM
& LDA*.
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Klasifika&ni analyza

g

Princip smrsténi: dalsi aplikace

Dal3i smrsténé verze statistickych metod:
o Korela&ni koeficient: Yao et al. (2008)
@ Shlukovd analyza: Gao & Hitchcock (2010)
@ Dvouvyb&rovy test: Shen et al. (2011)
@ Mnohorozmérna analyza rozptylu: Tsai & Chen (2009)

Regularizovand Mahalanobisova vzdalenost.

o Primér —> regularizovany priimér.

@ Varian&ni matice = regularizovand varianéni matice.
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Klasifika&ni analyza

Popis genetické studie v Centru biomedicinské informatiky

Mé#eni genovych expresi pres cely genom (p = 38590 genovych transkriptd):

@ Cévni mozkova ptihoda (CMP): 24 pacientd.

@ Kontroly (osoby bez kardiovaskuldrniho onemocnéni): 24 pacientd.

Klasifikace do 2 skupin: predikce rizika budouci mrtvice.
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Klasifika&ni analyza

Priklad #1

Klasifikace: pacienti s CMP (24) vs. kontroly (24).
Exprese 38590 genovych transkriptd.

© Redukce dimenze

@ Prediction Analysis for Microarrays (PAM)
@ Linear Models for Microarray Data (limma)
@ Analyza hlavnich komponent (PCA)

@ Kilasifikaéni analyza

Prediction Analysis for Microarrays (PAM)

Prediction Analysis for Microarrays bez smrténi (PAMT)
Linearni diskrimina&ni analyza (LDA, LDA*)

Kvadraticka diskrimina&ni analyza (QDA, QDA*)
Logisticka regrese (LR)

00000

@ Valenta Z., Kalina J., Kol&¥ M., Zvérova J. (2013+): Exploring shrinkage approach in
analyzing gene expression data. Submitted.
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Klasifika&ni analyza

Priklad #1

Redukce  Kilasif. Youdeniv index
dimenze metoda | 45 gend 20 gend 15 gend 10 geni
PAM PAM 0.675 0.635 0.680 0.638
LDA 0.306 0.595 0.629 0.704
LDA* 0.399 0.658 0.670 0.735
QDA 0.135 0.408

QDA* 0.420 0.588 0.610 0.694

LR - 0.481 0.516 0.609
limma PAM 0.591 0.588 0.603 0.579
PAMT 0.629 0.681 0.679 0.629
LDA 0.458 0.579 0.581 0.608
LDA* 0.648 0.634 0.603 0.614
QDA - - 0.101 0.329
QDA* 0.610 0.683 0.661 0.618
LR - 0.501 0.564 0.560
PCA PAM - 0.231 0.245 0.216
PAMT - 0.230 0.243 0.220
LDA - 0.165 0.171 0.136
LDA* - 0.180 0.179 0.159
QDA - - 0.076 0.154
QDA* - 0.133 0.118 0.101

LR - 0.145 0.106 0.143
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Priklad #2

Senzitivita = pravd&podobnost pozitivniho testu u nemocného pacienta.
Specificita = pravd&podobnost negativniho testu u kontrolni osoby.
Youdeniiv index = senzitivita + specificita —1.

K¥iZzova validace (leave-one-out):

| Metoda [ Youdeniv index ‘

LDA Infeasible
PAM 0.833
LDA* 1.000
LDA** 1.000

PCA — LDA 0.542

PCA — LDA* 0.625

PCA — LDA** 0.708

o PCA pouZiva 20 hlavnich komponent.
o LDA*, LDA ** pouZivd S* = AS + (1 — \)Z.
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Priklad #3

Data o metabolitech, které souvisi s rakovinou prostaty: p = 518 promé&nnych.

@ Sreekumar et al. (2009): Metabolomic profiles delineate potential role for
sarcosine in prostate cancer progression. Nature 457 (7231), 910-914.

Klasifikace do 2 skupin:
@ Benigni rakovina prostaty: 16 pacienti

o Ostatni: 26 pacientl

| Metoda [ Youdeniv index ‘
LDA Nelze
PAM 0.822
LDA* 1.000
LDA** 1.000
PCA — LDA 0.899
PCA — LDA* 0.808
PCA — LDA** 0.923

20 hlavnich komponent, S* = AS + (1 — A\)Z.
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Robustni klasifikaéni analyza
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Robustni statistické metody
o Motivace
@ Bod selhani

@ Odhady st¥edni hodnoty a varian&ni matice
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Regrese

Regularizace a robustnost pfi klasifikaéni analyze genetickych dat

@ Optimalni Sablony
o Kilasifikaéni analyza
o Regrese

@ Selekce proménnych

@ Cizek P. (2011): Semiparametrically weighted robust estimation of regression models.
Computational Statistics and Data Analysis 55, 774 —788.

Q Vigek JA. (2011): Consistency of the least weighted squares under heteroscedasticity.
Kybernetika 47, 179—206.
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Regrese

Linearni regrese

Odhad metodou nejmensich &tvercil.
Odhad metodou nejmensich vézenych &Etverci.

0
1
20

¥

Metoda nejmensich &tverci: nerobustni, nevhodné pro velkou dimenzi.
Robustni metody: selhavaji pro velkou dimenzi.
Metody pro velkou dimenzi: nerobustni.
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Linearni regrese: Robustni odhad

Linedrni regresni model  Y; = 51X+ -+ BpXp+ €, i=1,...,n

Nejmensi &tverce: kritika (citlivost k normalit&, odlehlym pozorovanim).

Rezidua pro pevnou hodnotu b = (bi,..., b,)" € RP:
uib)=yi — b1 Xin — - — bpXjp, i=1,...,n.
Uspordddame druhé mocniny rezidui podle velikosti:
uty(b) < uzy(b) < -+ < ufy(b).
Vigek (2002), Cizek (2011):

Odhad metodou nejmensich vazenych &verci (least weighted squares, LWS):

biws = arg minz W;u(zi)(b) pres b= (b1,...,b,)" € R”,
i=1

kde wi, ..., w, jsou adaptivni vdhy (spo&itané na zdkladé dat).
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Linearni regrese: Robustni odhad

P¥iklady vah:
o Adaptivni (zavislé na datech)
@ Linedrni

o Logistické

#2000,
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Linedrni regrese: Regularizovany odhad (LASSO)

°
P
arg m|n |:Zu,:| za podminky ij\gt
j=1
<:)arg mm |:ZU:+)‘Z|5J:|
o

3. — Ls LSy _ i =
/BJ_Sgn(bj )(‘bj ‘ )‘)+7 J 17---7P7

o bs= (bfs, cee, b,L,S)T je odhad 3 metodou nejmensich &tverci
e (x)+ oznakuje kladnou &st x
o Lagrangelv multiplikdtor A > 0
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H¥ebenova regrese

Jde o htebenovou regularizaci matice X7 X.

n p

. 2 2 )
arg min ui + A : ro pevné \
g, min, ; ;BJ pro p
B=(X"X+AT)'XTY,

kde Z je jednotkova matice.
Vhodnd volba A > 0 zdvisi na t a v praxi se uruje k¥iZovou validaci.

Odhad je vhodny za multikolinearity, ale nerobustni.
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Regularizovany a robustni odhad v regresi

P¥i multikolinearit&: robustni odhady nejsou schopny spravn& odhalit odlehlé
hodnoty.

Jurczyk (2010, 2012): ridge least weighted squares (RLWS)

<Zw, 0 +>\Zb2)
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Regularizace a robustnost pfi klasifikaéni analyze genetickych dat

o Optimalni $ablony
o Kilasifikagni analyza
@ Regrese

o Selekce proménnych

@ Auffarth B., Lépez M., Cerquides J. (2010): Comparison of redundancy and relevance
measures for feature selection in tissue classification of CT images. In: Advances in Data
Mining, Applications and Theoretical Aspects. Lecture Notes in Computer Science 6171,
Springer, Berlin, 248 -262.

@ Liu X., Krishnan A., Modry A. (2005): An entropy-based gene selection method for cancer
classification using microarray data. BMC Bioinformatics 6, Article 76.

© Peng H., Long F., Ding C. (2005): Feature selection based on mutual information: Criteria
of max-dependency, max-relevance, and min-redundancy. |IEEE Transactions of Pattern
Analysis and Machine Intelligence 27 (8), 1226 —-1238.

@ Schifer J., Strimmer K. (2005): A shrinkage approach to large-scale covariance matrix
estimation and implications for functional genomics. Statistical Applications in Genetics and
Molecular Biology 4 (1), Article 32, 1-30.
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Typy metod pro redukci dimenze

Redukce dimenze:
@ Obvykla (ne v8ak nutnd) procedura p¥i analyze vysoce rozmérnych dat
@ V praxi se &asto provede nejprve redukce dimenze (mimo klasifikagni
kontext), aZ pak klasifikace: slabé!
@ Redukce dimenze by méla byt u%itd na miru pro klasifikaci.

@ Oslabuje naslednou klasifika¢ni analyzu.

Razné metody - obecné typy:

@ Statistické testovani hypotéz (jde o uspordddni genii, ne samotné
p-hodnoty).

o Redukce dimenze “obalend” kolem klasifika¢ni metody, kterd se pouZiva
jako €erna sk¥itika. Vypod&etni sloZitost. K¥izova validace. Hrozi p¥euceni.

(Wrappers.)
@ Redukce dimenze je “vloZzend" p¥imo do klasifikace. Vychazi z vlastnosti

klasifikatoru, ktery ¥idi proces hleddni vhodnych genii. (Embedded
methods.)
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Principal component analysis (PCA)

Principal component analysis (Pearson, 1901):
@ p-dimensional data Xi,...X,
@ S = covariance matrix

@ A new observation Z is replaced by af Z, . .. ,apTZ, where ay,...,ap are
eigenvectors of S.

@ Numerically stable.
@ For n < p regularization needed.
Data in groups: criticism of PCA (Dai et al., 2006).

Regularized PCA: PCA™

o A new observation Z is replaced by aj"Z, ... ,a;TZ, where a7, ..., a, are
eigenvectors of AS + (1 — A)T, where A > [0,1] and T is a target matrix.
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Principal component analysis (PCA)

Special shrinkage with specific targets:

In a special case with

e T=21I, or
o T=sZ withs=>",Si/p,
it holds

* *
a; =ai,...,a, = ap.

In these special cases, regularized PCA = classical PCA = non-robust PCA.
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Variable selection

@ Common procedure in the analysis of gene expression measurements.

@ Tendency to pick highly correlated (redundant) genes.

Classification analysis.

@ Curse of dimensionality.

@ Dimension reduction: weaker classification performance.

Solution: Minimum Redundancy Maximum Relevance (MRMR) criterion.

@ Gene set redundancy minimized.

o Too sensitive to noise or presence of outlying measurements.

Our aim: improvement of the MRMR dimension reduction,
exploiting modern shrinkage and robust statistical methodology.
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MRMR criterion

Forward search: Genes are iteratively added to the set of selected genes.
@ Y = response (labels of samples, correct classification result).
@ S = set of selected genes.
o Xy (k € S) = expressions of the k-th gene (across patients).
0 Z=(Z,...,Z,)" = expressions of a candidate gene to be added to S.

Usual relevance criteria:
e Mutual information /(Z,Y).
o F-test statistic of the analysis of variance (Y ~ Z).
@ Spearman rank correlation coefficient |rs(Z, Y)|.

Usual redundancy criteria:

1 Mutual information
G Z |R2(Xk,Z)|, R:=( Statistic of the Kolmogorov-Smirnov test
S| kes Statistic of the sign test
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MRMR criterion

The optimal gene set maximizes the MRMR criterion, which combines
relevance and redundancy.
Usual MRMR criteria:

°
ax Relevance
Redundancy
]
max{Relevance — Redundancy}
]

max{Relevance — /3 - Redundancy},

where the maximization is computed over all possible gene sets for a fixed
(known) 8 € [0,1].
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MRMR criterion

Our combination of relevance and redundancy:

Y= response (labels of samples, correct classification result).
S = gene set (relevant genes selected so far).

Xi= expressions of the k-th gene in S across patients.
Z=(2,..., Z,,)T expressions of a candidate gene.

max | |Relevance(Y, Z)| — BZ |Redundancy (X, Z)| | ,
kes

where the maximization is computed over all possible gene sets and over 8 > 0.

Novel measures of relevance and redundancy:
@ Relevance: robust correlation coefficient.

@ Redundancy: shrinkage coefficient of multiple correlation.
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Shrinkage approach to redundancy

Redundancy of a gene set: multivariate measure of association within a gene
set.

Shrinkage correlation matrix (Schifer and Strimmer, 2005):

R* = AR+ (1 — \)Z with a shrinkage parameter ) € [0, 1],

where
@ R = classical (unconstrained, unbiased) estimate of the correlation matrix,

o Z =unit matrix.

Analytical solution for optimal .
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Shrinkage approach to redundancy

@ S5 = gene set

e X= (X[j)/»’j = expressions of genes in S (patients i = 1,..., n; genes
Jj=1....p
0 Z=(2,...,Z,)" = expressions of a candidate gene

o Rzx = (cor(Z,X1),...,cor(Z,X,))"
@ Rxx = cor(X, X)

Coefficient of multiple correlation = measure of association between a
particular gene and a set of genes:

#(Z,X) = \/RJxRyxRzx.
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Shrinkage approach to redundancy

Coefficient of multiple correlation = measure of association between a
particular gene and a set of genes:

#(Z,X) = \/RI RyxRzx.

Shrinkage coefficient of multiple correlation:

F(Z,X) = \/(Re) " (Rio)* R,

where Rxx and Rzx are obtained as components of the shrinkage correlation

matrix of the data
Xu - Xip 4

Jan Kalina Regularizace a robustnost pti klasifikagni analyze genetickych dat



Selekce proménnych

Robust approach to relevance

Aim: Highly robust correlation coefficient (based on the LWS).

For the data X = (X1,...,Xa)" and Y = (Y4,...,Y,)", let W = (Vin, ..., n)"
denote the (normalized) weights obtained by the LWS estimator in the model

Yi=0o+ L1 Xi+e, i=1,...,n
The robust correlation coefficient ryws(X,Y) is defined as the weighted
S0 (X — Xa)(Yi — Ya)
¢z, 1 — Xa 2] S 185 — Ya)2]

where Xz = ST, WiX; and Yi = > WY

rw (X, Y; W

@ High breakdown point (= high robustness) for contaminated normal
distribution.

@ High efficiency for normal distribution.
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Methods

Mutual information (for discretized data, based on comparison with the
mean)

r = Pearson correlation coefficient

rs = Spearman rank correlation coefficient

riws = robust correlation coefficient based on the least weighted squares
estimator

(weights: adaptive; linear; logistic)

K-S = Kolmogorov-Smirnov test (p-value)

Sign test (p-value)

Mult. |F| = coefficient of multiple correlation

Shrinkage mult. |F*| = shrinkage coefficient of multiple correlation
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Example # 4

Results of cross-validation (patients vs. kontroly, n = 48):

Relevance [ Redundancy [ Youden's index
Mutual info. Mutual info. 0.92
|| || 1.00
|rs]| |rs| 0.96
|| K-S test 0.84
] Sign test 0.84
|| Mult. |F| 1.00
|| Shrinkage mult. |F*| 1.00
|rws| (linear weights) Shrinkage mult. |7*| 1.00
|ruws| (logistic weights) | Shrinkage mult. |F| 1.00
|rws| (adaptive weights) | Shrinkage mult. |7*| 1.00

Classification results obtained by LDA over 10 genes selected by various MRMR
criteria:

Sensitivity = probability of a positive test for a patient with disease.

Specificity = probability of a negative test for a control.

Youden'’s index = sensitivity + specificity —1.
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Sensitivity study

Data (average gene expressions) contaminated by noise under various
distributional models. (Noise independent on gene and patient.)

Noise 1: Normal N(0, 02 = 0.1).

Noise 2: Contaminated normal
AF 4+ (1 - A)G,

where A = 0.85, F ~ N(0,0° = 0.01), G ~ N(0,0% = 1).

Noise 3: Cauchy with probability density function

C
f(X) = m, X € R, c = 0.002.
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Example # 4: Sensitivity study

MRMR (gene selection)
= linear discriminant analysis.

Leave-one-out cross validation, average Youden'’s index:

Noise 1 Noise 2 Noise 3
Relevance Redundancy Normal  Contam. normal  Cauchy
Mutual info. Mutual info. 0.58 0.75 0.83
7] 7] 0.83 0.71 0.92
|rs] |rs| 0.83 0.83 0.92
r K-S 0.79 0.67 0.79
r Sign test 0.67 0.83 0.75
r Mult. |7| 0.71 0.75 0.92
r Shrinkage mult. |F* 0.79 0.71 0.88
[riws| (linear weights) Shrinkage mult. |F* 1.00 1.00 0.96
[riws| (logistic weights) | Shrinkage mult. [F* 1.00 1.00 0.96
|ruws| (adaptive weights) | Shrinkage mult. [F* 1.00 1.00 1.00
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Discussion of results

Results: arguments in favor of the novel relevance and redundancy measures.
Best method:
Minimum Shrinkage Redundancy Maximum Robust Relevance (MSRMRR)

@ Relevance: robust correlation coefficient ryys.

@ Redundancy: shrinkage coefficient of multiple correlation.

This is a first MRMR criterion based on robust and shrinkage statistics.
Advantages:

@ Suitable for high-dimensional data.

@ Robustness properties.

@ Especially preferable for gene expression measurements contaminated by
noise or outliers.

Analogous results are obtained with other classification methods.
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Budouci vyzkum: Robustni regularizovana klasifika¢ni analyza

Deformace Mahalanobisovy vzdélenosti:
o Cerné&: regularizace.

@ Modfe: robustni postup.
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Regularizace a robustnost pfi klasifikaéni analyze genetickych dat

— DEKUJI ZA POZORNOST «—
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