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Supervised Learning with Datasets

* learning from examples

{Zn,yn | n=1, .., N} ... dataset
x ... example
y ... label
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Supervised Learning with Datasets

learning from examples

{Zn,yn | n=1, ..., N}
T

Y

..

..

..

.

dataset
example

label

e

e

A:

> Fe 7

Has the UK been hit by a hurricane?

The Great Storm of 1987 was a violent extratropical
cyclone which caused casualties in England, France
and the Channel Islands ...

Yes. [An example event is given.]

Does France have a Prime Minister and a President?
... The extent to which those decisions lie with the
Prime Minister or President depends upon ...

Yes. [Both are mentioned, so it can be inferred both
exist.]

Have the San Jose Sharks won a Stanley Cup?
... The Sharks have advanced to the Stanley Cup fi-
nals once, losing to the Pittsburgh Penguins in 2016

No. [They were in the finals once, and lost.]

[Clark et al. (2019)]

FIG 4.
BoolQ Dataset
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Supervised Learning with Datasets

* learning from examples 2
A:

{Zn,Yn | n=1, .., N} ... dataset o

x ... example &

Yy o... label gz

A:

Has the UK been hit by a hurricane?

The Great Storm of 1987 was a violent extratropical
cyclone which caused casualties in England, France
and the Channel Islands ...

Yes. [An example event is given.]

Does France have a Prime Minister and a President?
... The extent to which those decisions lie with the
Prime Minister or President depends upon ...

Yes. [Both are mentioned, so it can be inferred both
exist.]

Have the San Jose Sharks won a Stanley Cup?
... The Sharks have advanced to the Stanley Cup fi-
nals once, losing to the Pittsburgh Penguins in 2016

No. [They were in the finals once, and lost.]

[Clark et al. (2019)]

[Krizhevsky aﬁd Hinton (2009)]
FIG 5. CIFAR10 Dataset

frog horse ship

FIG 4.
BoolQ Dataset
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Supervised Learning with Datasets

* learning from examples

{Zn,yn | n=1, .., N} ... dataset
x ... example
y ... label

plane car bird cat deer dog frog horse ship truck

o Ll I e N 0 e i 0

[Krizhevsky and Hinton (2009)]
FIG 5. CIFAR10 Dataset
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Neural networks

f(8,z) ... network
0 c RY ... network weights

FIG 6.
[Feng and Tu (2021)] LeNet
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Neural networks

f(8,z) ... network
0 c RY ... network weights

FIG 6.
[Feng and Tu (2021)] LeNet

input
size: 32x32x3

output
size: 32x32x16

output
size: 16x16x32

output
size: 8x8x64

output
size: 64

ResNet-20

image

FIG 7.
ResNet
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Training: Loss Landscape

0 € RY ... network weights
1.(0) =1(f(0,2,),yn) ... example loss

N
1
L(0) = — [,(0) ... Il
(0) NnE_l () total loss

* Quantify mismatch with loss
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Training: Loss Landscape

0 € RY ... network weights
1.(0) =1(f(0,2,),yn) ... example loss

N
1
L() = > "1.(6) ... total loss
n=1

* Quantify mismatch with loss

=

[Berner et al. (2022)]

FIG 8. Loss Landscape
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Training: Loss Landscape

0 € RY ... network weights
1.(0) =1(f(0,2,),yn) ... example loss

N
1
L() = > "1.(6) ... total loss
n=1

* Quantify mismatch with loss

=

[Berner et al. (2022)]

« Aim: minimize loss FIG 8. Loss Landscape
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Training: Loss Landscape

0 € RY ... network weights
1.(0) =1(f(0,2,),yn) -.. example loss

N
1
L() = > "1.(6) ... total loss
n=1

* Quantify mismatch with loss

=

[Berner et al. (2022)]

« Aim: minimize loss FIG 8. Loss Landscape

« How? Gradient Descent!
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Gradient Descent

0ri1 = 0r — VL6

mkuehn@itp.uni-leipzig.de

38838

[Berner et al. (2022)]
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FIG 9. Gradient Descent Trajectory
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Gradient Descent
Orr1 =0, —nVL(6)

Stochastic Gradient Descent
(SGD)

2(0) =5 3 Vin(0)

neBy,

Or =0k 1 —1gx(Or—1)
k ... update step index
n ... learning rate
S ... batch size

B, ={n1,...,ns} ... S < N randomly selected examples
(nj€{1,...,N})

BBy sy

- b [Berner et al. (2022)]
FIG 9. Gradient Descent Trajectory

A

58358

* [Berner et al. (2022)]

FIG 10. Stochastic Gradient Descent
Trajectory

UNIVERSITAT . . . . S
LEIPZIG Institute for Theoretical Physics mkuehn@itp.uni-leipzig.de



Gradient Descent
Orr1 =0, —nVL(6)

Stochastic Gradient Descent with Momentum
(SGD) |
gr(0) =5 > Vin(6) (12)

neBy
Vi = —N8k(Ok—1) + BVi_1 (1b)
0r =01+ Vi (1c)
... update step index
. learning rate
. batch size
£ ... momentum parameter
S < N randomly selected examples

n 3 =

Bk = {nl, ...,ns}
(n;je{l,...,N})

3BE g

- b [Berner et al. (2022)]
FIG 9. Gradient Descent Trajectory

A

55358

* [Berner et al. (2022)]

FIG 10. Stochastic Gradient Descent
Trajectory
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Stochastic Gradient Descent

* How to choose examples?
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Stochastic Gradient Descent

* How to choose examples?

» With or Without replacement (in epochs)

sf2)[3)4 412 [y -

no epochs

3]2]4](2][s][s](s]

FIG 11. Epoch-based example selection
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Stochastic Gradient Descent

* How to choose examples?

> Without replacement (in epochs)

sf2)[3)4 412 [y -

no epochs

3]2]4](2][s][s](s]
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Stochastic Gradient Descent

* How to choose examples?

> Without replacement (in epochs)

» Reason for anti-correlations

sf2)[3)4 412 [y -

no epochs

3]2]4](2][s][s](s]

FIG 11. Epoch-based example selection
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Anti-Correlations of the Noise

o gradlient noise: dg, = g,.(0) — VL(O)
g.(0) = 5; Vi.(0)  (1a) C = cov(dgy, dgy)
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Anti-Correlations of the Noise

- gradient noise: dg, = g,.(0) — VL(6)

g,.(0) =% Y Vi.(6) (1a) C= C(k):v(dgkv 0g;)

neBy

* noise of one epoch has zero mean — anti-correlations:

1 N
Vi Z g, (0)=VL(O) M:= 5 ... batches per epoch
k € epoche
= ) 6g,=0

k € epoche
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Anti-Correlations of the Noise

- gradient noise: dg, = g,.(0) — VL(6)

g,.(0) =% Y Vi.(6) (1a) C= C(k):v(dgkv 0g;)

neBy

* noise of one epoch has zero mean — anti-correlations:

1 N
Vi Z g,.(0)=VLO) M= 5 ... batches per epoch
k € epoche
= Y 6g,=0 =— > 0g;=0dg,
k € epoche jee/{k}
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0.50

Anti-Correlations of the Noise
. gradllent noise: 5g, = g,(0) — VL(6) =
g.(0)=< ) VL) (13 C = C(k):v(égk, 0g;.) .
neBy -1.00 5

20-interval %’

—1.25 Eu I ! L
-2 -1 0 1
Update step difference: n [epochs]

FIG 12. Noise autocorrelation:

[0

* noise of one epoch has zero mean — anti-correlations:

1 N Examples selected without replacement
i Y g0 =VLO) M= ~ -+~ batches per epoch
k € epoche
= ) g, =0 - ) 0g;=dg
k € epoche jee/{k}

« average over chance for two batches from same epoch

M — |h
cq 08,0811 = € (B0~ Lo (M5 ) @
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Anti-Correlations of the Noise
_ 0.00 |
° i n | : vg 025 F
gradient noise 5g; = ,(6) — VL(6)
]- 2 ata
g:(0) = 5 Z Vi.(8) (1a) C = COV(égk, 6gk‘) OB :jhetory . /M8
neby k -1.00 F . Ty ¥
20-interval
—1.25 Eu I I L {i]
* noise of one epoch has zero mean — anti-correlations: N Upda{e‘mpdiffe"re,,ce:,,[e’pocm] ’
1 N FIG 12. Noise autocorrelation:
Examples selected without repl t
= Y g0 =VLO) M= ~ ---batches per epoch N e oW Tepacemen
k € epoche Z:’ ' ;- ch L S e,
S R, U D P T SR
© 02 | et CFL AN )
k € epoche jee/{k} 5-0.4- o
° -06F - data
—os Lk theory
- average over chance for two batches from same epoch 08 sl
-10 |, i : i :
-3 —1 0 1 2
M I ’h’ Update step difference: n [epochs]
C%V((Sgk, 5gk—|—h) =C. (5h,0 - 1{1,---,M}(|h|) M(M _ 1) (2) FIG 13. Noise autocorrelation:

Examples selected with replacement
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Anti-Correlations of the Noise

 calculations done for static weights

o numerics also show anti-correlations at start of training

0.5 = T ] "l '.I T 1 1 i.. i I.' < T =
. '{".:_ . : = %
22,2

Sagte

ol SkBraty

o L :._’.
R TAS g 34

COITsg, a\'g(n)
|
(=]
n
T

theory

20-interval
— l .5 1 1 1 1 I ] 1 L 1

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1:5 2.0
Update step difference: n [epochs]

FIG 14. Noise autocorrelation: Beginning of training
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Questions about Anti-correlations?
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Questions about Anti-correlations?

» Implications for Weight Fluctuations X
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Weight Fluctuations at a Minimum

late phase of training:
1
L(6) ~ 5evTHev (3)

H ... Hessian matrix

QN

FIG 15. Toy loss and Hessian

L(0)

0
1

11

mkuehn@itp.uni-leipzig.de
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Weight Fluctuations at a Minimum

S
L(0)

- late phase of training:
1
L(6) ~ 5evTHQ (3)

H ... Hessian matrix N
3

FIG 15. Toy loss and Hessian

- analyze weight covariance G
2 -
— resulting from stochasticity of SGD 1
— measure for parameter exploration
& Of ¥
— insight about escape from minima
-1F
=2 F )
3= C%V(Gk,ﬂk) ... weight fluctuations (4)
-3 - L -
-2 0 2
01

FIG 16. Weight trajectory in toy loss

11
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Weight Fluctuations at a Minimum 8(0) = ¢ 3 V5.(0) (12)

neby
- default case in physics: thermal noise Vi = —18k(0k—1) + Fvi-1 (1b)
0 =01+ vy (1c)

> o« H™' ... (see Einstein Relation)
for C = cgv(gk,gk) x 1 ... isotropic noise
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Weight Fluctuations at a Minimum 8(0) = ¢ 3 V5.(0) (12)

neby
- default case in physics: thermal noise Vi = —18k(0k—1) + Fvi-1 (1b)
0, =0,_1+ vy (1c)

> o« H™' ... (see Einstein Relation)
for C = cgv(gk,gk) x 1 ... isotropic noise

* in neural networks: non-isotropic noise — previously in literature:
(see Jastrzebski et al. (2018), Liu et al. (2021))

C « H ... Hessian noise approximation
= Y x 1 ... isotropic weight fluctuations

ET;;ESW Institute for Theoretical Physics mkuehn@itp.uni-leipzig.de 12



Weight Fluctuations at a Minimum 8(0) = ¢ 3 V5.(0) (12)

neby
- default case in physics: thermal noise Vi = —18k(0k—1) + Fvi-1 (16)
0, =0,_1+ vy (1c)

> o« H™' ... (see Einstein Relation)
for C = cgv(gk,gk) x 1 ... isotropic noise

* in neural networks: non-isotropic noise — previously in literature:
(see Jastrzebski et al. (2018), Liu et al. (2021))

C « H ... Hessian noise approximation
= Y x 1 ... isotropic weight fluctuations

» recent empirical results contradict, more likely suggest
(see Feng and Tu (2022))

3 o« H ... anisotropic weight fluctuations
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Weight Fluctuations at a Minimum 8(0) = ¢ 3 V5.(0) (12)

neby
- default case in physics: thermal noise Vi = —18k(0k—1) + Fvi-1 (1b)
0, =0,_1+ vy (1c)

> o« H™' ... (see Einstein Relation)
for C = cgv(gk,gk) x 1 ... isotropic noise

* in neural networks: non-isotropic noise — previously in literature:
(see Jastrzebski et al. (2018), Liu et al. (2021))

C « H ... Hessian noise approximation
= Y x 1 ... isotropic weight fluctuations

» recent empirical results contradict, more likely suggest
(see Feng and Tu (2022))

3 o« H ... anisotropic weight fluctuations

« solution: noise anti-correlations
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Weight Fluctuations at a Minimum

- weights covariance X := cov (8, 8% ), similarly velocity covariance £y, := cov (v, vi)
(Ve=01—01_1)
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Weight Fluctuations at a Minimum

- weights covariance X := cov (8, 8% ), similarly velocity covariance £y, := cov (v, vi)
(Ve=01—01_1)

+ Assumption 1: Quadratic Approximation
L(6) = 16 "HO with Hessian H
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Weight Fluctuations at a Minimum

- weights covariance X := cov (8, 8% ), similarly velocity covariance £y, := cov (v, vi)
(Ve=01—01_1)

+ Assumption 1: Quadratic Approximation
L(6) = 16 "HO with Hessian H

« Assumption 2: Anti-correlated Noise
Previously calculated SGD noise autocorrelation holds even for non static weights.
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Weight Fluctuations at a Minimum

- weights covariance X := cov (8, 8% ), similarly velocity covariance £y, := cov (v, vi)
(Vi=0r—01_1)

+ Assumption 1: Quadratic Approximation
L(6) = 16" HO with Hessian H

« Assumption 2: Anti-correlated Noise
Previously calculated SGD noise autocorrelation holds even for non static weights.

- Assumption 3: Hessian and noise covariance commute
Covariance of noise commutes with Hessian, [C, H] = 0
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Weight Fluctuations at a Minimum

- weights covariance X := cov (8, 8% ), similarly velocity covariance £y, := cov (v, vi)
(V=0 —0}_1)

+ Assumption 1: Quadratic Approximation
L(6) = 16 "HO with Hessian H

« Assumption 2: Anti-correlated Noise
Previously calculated SGD noise autocorrelation holds even for non static weights.

- Assumption 3: Hessian and noise covariance commute
Covariance of noise commutes with Hessian, [C, H] = 0

- with given assumptions: matrices commute, denote eigenvalues for common eigenvectors
withi = 1,...,d as: \; for H, o3, ,; for C, o7 ; for X, o7 ; for 2y

v,
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Weight Fluctuations at a Minimum - Derivation
« SGD with momentum in one dimension (with assumptions):

0
9= 5g [ O —1 A0k 1] + 09k, vk =-Nngk + Puk—1, Ok =0k_1+ vy (5)
O = (1 —nA)0r—1 + B(Ok—1 — Or—2) — nogs (6)
HET%ESW Institute for Theoretical Physics mkuehn@itp.uni-leipzig.de 14



Weight Fluctuations at a Minimum - Derivation
« SGD with momentum in one dimension (with assumptions):

0

9k =59 [ Or—1 0 — 1] +0gr, Uk =-Ngr+ Bur_1, O =01+ v
O = (L —nA\)0p—1 + B(Ok—1 — Or—_2) —ndgy,

* in matrix form:

0 1
Xk = ka—l - T](Sgkel s Xk = g , €1 =
Or—1 0

_(1+B—n\ —p
o= (114 )
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Weight Fluctuations at a Minimum - Derivation
« SGD with momentum in one dimension (with assumptions):

0

9k =59 [ Or—1 0 — 1] +0gr, Uk =-Ngr+ Bur_1, O =01+ v
O = (L —nA\)0p—1 + B(Ok—1 — Or—_2) —ndgy,

* in matrix form:

0 1
Xk = ka—l - T](Sgkel s Xk = g , €1 =
Or—1 0

_(1+B—n\ —p
o= (114 )

* respective covariance matrix:

2
T _ og (0r0k—1)
<Xka> - (<9k9k—1> O'g

LEIPZIG Institute for Theoretical Physics mkuehn@itp.uni-leipzig.de
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Weight Fluctuations at a Minimum - Derivation "
Xy = Dxg_y —nogrer, xj = (9 ) (7)

(xixy, ) = D (xp-1%5_1) D" +1” (6gx0g1) ere] —1) (D (x-10gx) €] + (D (x-10g4) eDT)
(10)
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Weight Fluctuations at a Minimum - Derivation "
Xy = Dxg_y —nogrer, xj = (9 ) (7)

(xixy, ) = D (xp-1%5_1) D" +1” (6gx0g1) ere] —1) (D (x-10gx) €] + (D (x-10g4) eI)T)

(10)
* notice vy, = O — Op—1 — 02 = 207 — 2(00_1), and apply on e;:
2 T
(Zg) =F [n20§ge1e1T — (D (Xp—10gk) elT -+ (D (Xp—10gk) elT) )] e (11)
1 148 28(nA—1-8)
F = nA nA (12)
(1=-8)20+8)-n)) \ 2 2(nA-2)
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Weight Fluctuations at a Minimum - Derivation "
Xy = Dxg_y —nogrer, xj = (9 ) (7)

(xixy, ) = D (xp-1%5_1) D" +1” (6gx0g1) ere] —1) (D (x-10gx) €] + (D (x-10g4) eI)T)

(10)
* notice vy, = O — Op—1 — 02 = 207 — 2(00_1), and apply on e;:
o 2 2 T T T
2] = F [77 o5,€e1e; — 1 (D (xp—10gx) € + (D (x,_10gx) €, ) )] e1 (11)
1 148 2B(nA—1-5)
F = nA nA (12)
(1=5)(20+8) —n\) \ 2 2(nr—2)
- iterate SGD equation, use anti-correlation assumption:
DY +(1-D)M -1
(Xp_10g1) = no2 nl ) e (13)

%9 (1-D)2M (M —1)

UNIVERSITAT . . . . o
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Weight Fluctuations at a Minimum - Solution

+ eigenvalues with i = 1,...,d as: \; for H, o}, for C,
2 2
0y, for 3, oy ; for 3y

- solution: (e1=(10)")

2
(Ug’i) = nzagg,iFi [61 — (Ei + EIT) 61}

25(77)\1;/\—1—5)
X 15
amn =2y | P

(14)

1 145
F- —= 77)\2
C =820+ 8) —nN)) ( 2

DY +(1-Dy)M -1 -
e|e
(1-D;j)2M(M —1) !

_(1+B8—nN —p
Di‘_( 1 0)

Ei = Di (16)

(17)

variances

10—8 .
2

]0—10 O-l‘),l —
9
o-

Cross 100
Hessian eigenvalue 4;

FIG 17. Empirical weight variance and
velocity variance against Hessian eigenvalue
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Velocity Correlation Time

» more comprehensive understanding with velocity-
correlation-time Ti (Qﬂ"":ek‘pi for common eigenvector pi)

Vk,i =V Pi

S 203,@' . 2?21 h - COV(Uk,iaUk+h,i)
T 2

To,i ; > et COV(Uk,z'a'UkJrh,i)

(18)
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Velocity Correlation Time

» more comprehensive understanding with velocity-
correlation-time Ti (Qﬂ"":ek‘pi for common eigenvector pi)

Vk,i =V Pi

S 203,@' . 2?21 h - COV(Uk,i:Uk—i-h,i) (18)
T -
0—12),1' > et COV(Uk,z'a 'UkJrh,z')

 two distinct regimes of Hessian eigenvalues (EVs),

. 3(1-8)S
separated by Acposs = =N

Ai > Across: €an neglect anti-correlations

1
— T = +B
nAi
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Velocity Correlation Time

» more comprehensive understanding with velocity-
correlation-time Ti (Qﬂ"mzek‘pi for common eigenvector pi)

Vk,i =V Pi

- 203@ __E:Zi1f1‘COV(Uk¢,Uk+h¢)
T 2

= (18)
Tvi Ejiilcov(ka,vk+h¢)

 two distinct regimes of Hessian eigenvalues (EVs),

. 3(1=p)S
separated by Acposs = =N

Ai > Across: €an neglect anti-correlations

— TP & 1?7—;;8
Ai < Across: anti-correlations important
— T~ %ﬂ =. T8GD
31—-7

correlation time 7;

10°

10*

10°

data
theory

1072

10—[ )H'l'(l.\‘.\ lOU
Hessian eigenvalue 4;

FIG 18.
Correlation
time against
Hessian
eigenvalue
-Without
replacement
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Velocity Correlation Time

* more comprehensive understanding with velocity-
correlation-time 7, (eep
Vg, i =V Pi

J—— 2‘762?,3' . 2?21 h - COV(Uk,iaUk+h,i)
T 2

Tvi B D het COV(Uk,z'a'UkJrh,i)

for common eigenvector pi)

(18)

+ two distinct regimes of Hessian eigenvalues (EVs),

separated by Across = 3(1?7—_1\?)5

Ai > Across: €an neglect anti-correlations

— TP & 1?7—;;8
Ai < Across: anti-correlations important
— T~ %ﬂ =. T8GD
31—-7

correlation time 7;

correlation time 7;

10°

10*

10°

10°

10*

10°

data
theory

1072 10! Aruss 100
Hessian eigenvalue 4;

data

theory

1072 107! Deross 109
Hessian eigenvalue /;

FIG 18.
Correlation
time against
Hessian
eigenvalue
-Without
replacement

FIG 19.
Correlation
time against
Hessian
eigenvalue
-With
replacement
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Approximate Weight Fluctuations

- two distinct regimes separated by Across == 3(1?717\? =

- Large Hessian EVs (\; > A .oss): can neglect anti-correlations — 7; ~

5 o 5 9
2 1 05g,i 1+0 o5 M 05g,i

T —R)A+B) a1 =B)(1+B)

143
nAq

and

(19)
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Approximate Weight Fluctuations

- two distinct regimes separated by Across == 3(1?7—1’5)8
- Large Hessian EVs (\; > A...ss): can neglect anti-correlations — ; = },;f\ﬁ and
2 05, 145 o2 05y, (19)
PT84 8) N T (=B L+ )
- Small Hessian EVs (\; < A\..0s5): anti-correlations important, 7; ~ %% =: Tsap and
262 M1 205,
O_g o~ 77 5973 . Lﬁ 2 ~ 77 59,’1& (20)

T =A( ) 315" A=A+ B)
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Approximate Weight Fluctuations

+ approximate relation:

2 2

0yi X055, OF Xy o C(ox H)
1 1
033 = 5@03’@- or X = §diag(ﬁ, e Td) Dy

(in corresponding eigenbasis)
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Approximate Weight Fluctuations

+ approximate relation:

aﬁﬂ. x Jgg’i or X, xC (xH)
L

= —T;0

2
09 .i o 119w,

1
or X = §diag(ﬁ, ey Td) By

(in corresponding eigenbasis)

« Hessian eigenvector subspace with \; > A.ross
(13 o )\;1):

Y5 o 1

« Hessian eigenvector subspace with A\; < Across
(i = Tsap):

Y9 xH

variances

T T B T
107 | % § |
| e 5
101 | (,«/ € BgyH
al 3 5
o & %
g ] 1 ] 1
102 Across 10°

Hessian eigenvalue 4;

FIG 17. Empirical weight variance and
velocity variance against Hessian eigenvalue
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Approximate Weight Fluctuations

+ approximate relation:

aﬁﬂ. x Jgg’i or X, xC (xH)
L

= —T;0

2
09 .i o 119w,

1
or X = §diag(ﬁ, ey Td) By

(in corresponding eigenbasis)

« Hessian eigenvector subspace with \; > A.ross
(13 o )\;1):

Y5 o 1

« Hessian eigenvector subspace with A\; < Across

T T a T
10 | P T e
5 1
LC) 10—8 | / : _
S 1
g i N T
§ i o .
~r )
10-10 | ,"‘/»T. . O?)-,i =)
i | 2
/ O-‘ t
f ] 1 ] 1
102 Across 10°

Hessian eigenvalue 4;

FIG 17. Empirical weight variance and
velocity variance against Hessian eigenvalue

(T@' = TSGD )Z * previous observation by Feng and Tu (2022)
closer to ¥ x H?
2(4 ~x~ H « principal component analysis of X leads to finite
size effects — H eigenbasis analysis superior
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Varying Hyperparameters

fluctuations

Batch Size: 32 Batch Size: 50 Batch Size: 64 Batch Size: 100 Batch Size: 128
R A — —TT T —TTT —TT T
106 } 5 OATS . - ) .._:{.':.__-,'l g - dotgs - i i37.5, - Cannt ]
107 | _/ 1 | /D“ 1L ,ﬂf 1L /’ |
108 | 4 F i 4 F 4 F ; 4 F R
10~ - A I o i P S .
1071 —/ 1 F r 1 1 F 3 1 )
i H . oy
jo-n 1 L | 1 L 1 L 3 1 0. |
-2k 1 L 1 L ] 3 “Owi ]
L Ll i i 1 [ L L I i L I L i L 1 L I L
1072 107" 10 10! 1072 107" 10° 10! 1072 107" 10° 10! 1072 1071 10° 10! 1072 107" 10° 10!
—T T T —TT T —TTT —TT —T— T
o 10 %‘\ E 3 1 F E3 E
= o
v 4 Ly
g
£ 0} 1 L 1 L 1 L ]
8 : 3 data % |
0 b 1 L ! 1 L 1 L =1 L theory
PR . . M ! Ly ! ! L . ! . I
1072 107" 10° 10! 1072 107" 10° 10! 1072 107" 10° 10! 1072 107" 10° 10! 1072 107" 10° 10!
Hessian eigval. 4; Hessian eigval. 4; Hessian eigval. /; Hessian eigval. 2; Hessian eigval. 4;

FIG 20. Varying Batch Size: Empirical weight variance, velocity
variance and correlation time against Hessian eigenvalue
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fluctuations

correlation time 7;

Varying Hyperparameters

Batch Size: 32

Batch Size: 50

Batch Size: 64

Batch Size: 100

Batch Size: 128

| R N E

T T

T T TT T

T T T T

10°¢ | 0 B B e B Lo iy, B Lege. % B i
10 | {1 F L L - L o
107 | < 1} L - Do - e - .
10710 / {1t > - 3 i - > ]
107! 1t i - - | - e
I N N N L T FIG 21. Empirical maximum correlation time and crossover
1072 107" 10° 10! 102 10" 10° 10" 102 107" 10° 10! 102 10" 10° 10’ 102 10" 10° 10! value vs. theory
T T T T T T LU a— T T T T x10* x10* x10*
104 o 4 F i 3 i 3 E theory
s 100 f 1 100 X 110F x  daa
R 3 075 F 1 o5k 1 o075k
10° | i F 3 3 1 8§ %
L : Z X X
b =\ . 0.50 PX—X X 1 os0f X 1 os0f i
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il 1 [ ‘ | | | | theory 025 | 4 oasf X oasf y
1 T - L 1 ! [ L 1 1 il L 1 I 1 1 1 1 i 1 %
102 10" 10° 10! 102 10" 10° 10" 102 10=' 10° 10’ 102 107" 10 10’ 102 10°" 10° 10! 0.00 by . ) 4 0wk . L . A 000 BX " A .
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FIG 20. Varying Batch Size: Empirical weight variance, velocity . L’;‘f‘y
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X x
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Different Network

[ | T T ]
10°° E H o
i f ]
1077 E PO i E
. e | ]
o o [ = !
c I107°F ! E
= ! E
= ; : ]
3] 1072 3 ‘: E
= E ‘ E
= i i ]
10710 t 2
F = i * 0p,i 7
10~ | ,;;f"”" ! . 62, ]
3 / i Vi 3
E 1 | ol
107! Aerpm 1P

Hessian eigenvalue 4;

FIG 22. Improved Architecture - ResNet instead of
LeNet: Empirical weight variance and velocity variance
against Hessian eigenvalue

10* | :

correlation time 7;

i

103 |

data
theory

10_[ A('I'()S.T

Hessian eigenvalue 4;

FIG 23. Improved Architecture - ResNet instead of
LeNet: Correlation time against Hessian eigenvalue
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Questions about Weight Fluctuations?

» Implications for Training




Additional Error due to Fluctuations

1
L(6) = §¢9TH¢9
-1 = 03 if Ay > A
L gkz — _Qi,k)\igi,k: 2 — Y f,max 1 Cross
< ( )>k <; 9 >k T9 i xX A, and < ag,max if A\ < Aeross
d
1
— Z 5)\3503&
i=1
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Additional Error due to Fluctuations

1
L(6) = §¢9TH¢9

d
1 = 03 i A > Across

L(6 = —0; 10 1 g2 . #,max i cross
< ( )>k ; 2" ’ . 0 ) « Ai, and < Jg,max if \; < Aeross

‘1
= Z 5)\103,1'
=1

* Reduction of weight fluctuations leads to 62% reduction of loss fluctuations
o ' ' _ . ‘ ' . . ' __ 1 FIG 24. Experimental weight

Z? ] 10? variance and velocity variance
g 0F 1 against Hessian eigenvalue

E ) 10" E

g o | 100 L

_gﬂ 1 1 1 1 1

L':J 107" 0.000 0.005 0.010 0.015 0.020 H

<

:é 1072

TN

Eigenvalue 4
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Improved Generalization

- test accuracy of LeNet is 0.7% x 0.2% higher for drawing examples in SGD without re-
placement (64.5%) than for SGD with replacement (63.8%)

UNIVERSITAT . . . . T
LEIPZIG Institute for Theoretical Physics mkuehn@itp.uni-leipzig.de

24



Improved Generalization

- test accuracy of LeNet is 0.7% x 0.2% higher for drawing examples in SGD without re-
placement (64.5%) than for SGD with replacement (63.8%)

 in agreement with Orvieto et al. (2022), where anti-correlated perturbed gradient descent
(Anti-PGD) was found beneficial for test accuracy and led to flatter minima

011 =0 — nVL(Gk) + (£k+1 — gk) ... Anti-PGD
é.‘;,i ~ N(Oa 02)
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Improved Generalization

- test accuracy of LeNet is 0.7% x 0.2% higher for drawing examples in SGD without re-
placement (64.5%) than for SGD with replacement (63.8%)

 in agreement with Orvieto et al. (2022), where anti-correlated perturbed gradient descent
(Anti-PGD) was found beneficial for test accuracy and led to flatter minima

011 =0 — nVL(Gk) + (£k+1 — gk) ... Anti-PGD
gk,i ~ N(Oa 02)

Elzy1|2k] ~ 2 — nV]i(zk) (z1. = 01 — &)

L(z) = L(z) + %TI‘(H(Z))
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Improved Generalization

- test accuracy of LeNet is 0.7% x 0.2% higher for drawing examples in SGD without re-

placement (64.5%) than for SGD with replacement (63.8%)

in agreement with Orvieto et al. (2022), where anti-correlated perturbed gradient descent

(Anti-PGD) was found beneficial for test accuracy and led to flatter minima

011 =0 — nVL(Gk) + (£k+1 — gk) ... Anti-PGD

E(zy41|z] ~ zx — nV L(z)

2

gk,i ~ N(Oa 02)

L(z) = L(z) + %TI‘(H(Z))

(zr. = Or — &)

1.2 2
L(u,v) = 07||ul] [Orvieto et al. (2022)]

------ Set of minima

50 LU[ ) \r\

30 4

BED=
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Y o

-05

e

40

FIG 25. Gradient Descent with anti-correlated
noise in a widening valley
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Conclusion

SGD without replacement induces anti-correlated noise

Results in lower-than-expected weight variance in Hessian eigendirections with
small EVs

beneficial because gradients in flat directions then dominate fluctuations and lead
network towards even flatter minima with improved generalization performance

Thank Youl!

Marcel Kiihn and Bernd Rosenow
Institute for Theoretical Physics
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Training evolution
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UNIVERSITAT . . . . T
LEIPZIG Institute for Theoretical Physics mkuehn@itp.uni-leipzig.de



	Folie 1: Anti-Correlated Noise in Epoch-Based Stochastic Gradient Descent and its Implications
	Folie 2
	Folie 3
	Folie 4
	Folie 5: Supervised Learning with Datasets
	Folie 6: Supervised Learning with Datasets
	Folie 7: Supervised Learning with Datasets
	Folie 8: Supervised Learning with Datasets
	Folie 9: Neural networks
	Folie 10: Neural networks
	Folie 11
	Folie 12
	Folie 13
	Folie 14
	Folie 15: Gradient Descent
	Folie 16: Gradient Descent
	Folie 17: Gradient Descent
	Folie 18: Stochastic Gradient Descent
	Folie 19: Stochastic Gradient Descent
	Folie 20: Stochastic Gradient Descent
	Folie 21: Stochastic Gradient Descent
	Folie 22: Anti-Correlations of the Noise
	Folie 23: Anti-Correlations of the Noise
	Folie 24: Anti-Correlations of the Noise
	Folie 25: Anti-Correlations of the Noise
	Folie 26: Anti-Correlations of the Noise
	Folie 27: Anti-Correlations of the Noise
	Folie 28
	Folie 29
	Folie 30: Weight Fluctuations at a Minimum
	Folie 31: Weight Fluctuations at a Minimum
	Folie 32: Weight Fluctuations at a Minimum
	Folie 33: Weight Fluctuations at a Minimum
	Folie 34: Weight Fluctuations at a Minimum
	Folie 35: Weight Fluctuations at a Minimum
	Folie 36
	Folie 37
	Folie 38
	Folie 39
	Folie 40
	Folie 41
	Folie 42
	Folie 43
	Folie 44
	Folie 45
	Folie 46
	Folie 47
	Folie 48
	Folie 49
	Folie 50
	Folie 51
	Folie 52
	Folie 53
	Folie 54
	Folie 55
	Folie 56
	Folie 57
	Folie 58
	Folie 59
	Folie 60
	Folie 61
	Folie 62
	Folie 63
	Folie 64
	Folie 65
	Folie 66
	Folie 67
	Folie 68
	Folie 69
	Folie 70
	Folie 71: Thank You!
	Folie 72: References
	Folie 73

